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Abstract 

We first show that a better analysis of the algorithm for The Two-Sage 
Stochastic Facility Location Problem from Srinivasan |13] and the al- 
gorithm for The Robust Fault Tolerant Facility Location Problem from 
Byrka et al [5] can render improved approximation factors of 2.206 
and a + 4 where a is the maximum number an adversary can close, 
respectively, and which are the best ratios so far. 

We then present new models for the soft-capacitated facility lo- 
cation problem with uncertainty and design constant factor approx- 
imation algorithms to solve them. We devise the stochastic and ro- 
bust approaches to handle the uncertainty incorporated into the orig- 
inal model. Explicitly, in this paper we propose two new problem, 
named The 2-Stage Soft- Capacitated Facility Location Problem and 
The Robust Soft- Capacitated Facility Location Problem respectively, 
and present constant factor approximation algorithms for them both. 
Our method uses reductions between facility location problems and 
linear-cost models, the randomized thresholding technique of Srini- 
vasan [T3] and the filtering and clustering technique of Byrka et al 
®. 
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1 Introduction 



Given two discrete sets of clients and candidate locations where to build facilities, 
in the classic Uncapacitated Facility Location Problem (UFL) we are to pick some 
locations and build facilities on them so that each client can connect itself to a 
facility, in order to minimize the building and connection cost. Such models capture 
some essence of facility location problems, but failed to deal with the uncertainty 
in decision making that is very common in realistic settings. 

Usually facility location decisions are expensive and hard to reverse, and their 
influence lasts a long time. Any of the parameters of the problems, e.g. costs, de- 
mands, distances, may change greatly during the time when design decisions are in 
effect. Further, because of poor measurements or to tasks inherent in the modeling 
process such as aggregating demands points and choosing a distance norm, param- 
eter estimates may also be inaccurate due to . For the sake of this, researchers have 
been developing models for facility location under uncertainty for several decades, 
(see [T2] for a survey) 

One approach to handle the uncertainty is the study of The 2-Stage Stochastic 
Facility Location Pro6/em(TSFL)(see [3J, [13]; j!6j . [15]). In which, there are two 
stages of decision making and a set of scenarios which are subsets of the set of all 
clients, each happening with a prefixed probability. Upon the first stage, we open 
facilities without the specific knowledge of clients; then in the second stage the 
realized scenario enters, we are allowed to open additional facilities but with much 
higher opening cost, and connect the clients to the opened facilities. The aim is 
to minimize the facility opening cost of first stage plus the expected cost incurred 
in the second stage. This problem is introduced by Swamy and Shmoys [16] , The 
approximation ratio is then improved by Srinivasan [13] to 2.369. Byrka etc. [3] use 
the techniques they developed for uncapacitated facility location problems (UFL) 
to obtain a 2.298-approximation algorithm. We refines the approach of Srinivasan 
[T5] and further improve the approximation factor to 2.206. There is another trend 
of analysis that derives per-scenario bound for TSFL. Swamy [15] obtains a 3.378 
bound and is improved by Srinivasan [13] to 3.25. Then Byrka et al [3J further 
improves the bound to 2.496. However, we will show that their algorithm is in fact 
of ratio 2.425. 

The Soft-Capacitated Facility Location Problem (SCFL) is similar to the UFL 
except there is a capacity Ui associated with each facility i, which means if we 
want this facility to serve k clients, we have to open it \k/ui\ times at a cost of 
\k/ui\fi. This problem is also known as facility location problem with integer deci- 
sion variables in the operations research literature (see [5]). Chudak and Shmoys 
[B] gave a 3-approximation algorithm for SCFL with uniform capacities using LP 
rounding. For non-uniform capacities, Jain and Vazirani [8] showed how to reduce 
this problem to the UFL, and by solving the UFL through a primal-dual algorithm, 
they obtained a 4-algorithm. A local search algorithm proposed by Arya et al [T] 
had an approximation ratio 3.72. Following the approach of Jain and Vazirani [5], 
Jain et al [7] showed that the SCFL can be solved within a factor of 3. This re- 
sult was further improved by Mahdian et al [TT] to a 2.89-approximation algorithm 
for SCFL. Later they present a 2-approximation algorithm for the same problem 
in [TU] , achieving the integrality gap of the natural LP relaxation of the problem. 
This is the best result so far. The main idea of their approach is to consider al- 
gorithms and reductions that have separate approximation ratios for facility and 
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connection cost. There is a more general version of SCFL called The Concave Soft- 
Capacitated Facility Location Problem (CSCFL), where the cost function is concave 
on the number of copies of facilities opened (see |10j). 

In this paper we extend the SCFL and introduce The 2-Stage Soft- Capacitated 
Facility Location ProWem(TSSCFL). TSSCFL is defined the same as TSFL except 
that there is a soft capacity associated with each facility. By reducing it to The 
2-Stage Linear-Cost Facility Location ProWem(TSLCFL), we are able to approxi- 
mate TSSCFL within constant factor in polynomial time. The 2-Stage Linear-Cost 
Facility Location Problem is defined similarly as TSFL except now the cost func- 
tion is linear on the number of clients each facility serves. More precisely, here 
// = ajk + b\ and ff = afk + b^, where // is the facility opening cost of the 
first stage and the second stage when scenario A happens. a\ and b\ are con- 
stants, called marginal and setup costs respectively, for the first stage, af and b\ 
are marginal and setup costs respectively, for the second stage, k is the number 
of clients a facility serves. This problem is also an extension of The Linear-Cost 
Facility Location Problem (cf. |10j). Analogously, we also introduce The 2-Stage 
Concave Soft- Capacitated Facility Location Problem (TSCSCFL) and again provide 
a constant factor approximation algorithm for it using the same techniques. 

Another way to represent the uncertainty in facility location problems is to 
model them as robust problems. The Robust Fault- Tolerant Facility Location Prob- 
Zem(RFTFL) is introduced by Chechik and Peleg [5], who present approximation 
algorithms of ratio 6.5 and 1.5 + 7.5a for the cases of only 1 facility can fail and up 
to a facilities can fail respectively. In RFTFL, one has to choose a set of facilities 
that are in a sense robust: i.e., in case of failure of up to a of the opened facilities, 
where a is viewed as a constant, the cost of connecting clients to the facilities that 
did not fail should be small. More precisely, we bound the total facility opening cost 
plus a worst case client connection cost. Byrka et al [3] improve the approximation 
ratio to a + 5 + 4/a. For the case of single failure, Li et al [9| further improve the 
approximation ratio to 5.236. We show that a better analysis of the algorithm from 
Byrka et al [3J yields a approximation ratio a + 4. 

In this paper we present a new problem named The Robust Soft- Capacitated 
Facility Location Pro6/em(RSCFL), in which we have to further satisfy the ca- 
pacity constraint of each facility. The Robust Linear Cost Facility Location Prob- 
Zem(RLCFL) is defined analogously as above. Again we use the reduction between 
them and devise a constant factor approximation algorithm. 

The rest of this paper is organized as follows. In Section 2 we introduce the 
formal definitions and reduction between different problems. In Section 3 and Sec- 
tion 4 we provide and analyze approximation algorithms for stochastic and robust 
version of the problems respectively. We make concluding remarks in Section 5. 
The clients in all problems considered here have only unit demands. It is easy to 
generalize the unit-demand models to the case of arbitrary demands without loss 
in approximation guarantee. Each client is connected to only one facility. All the 
distances satisfy the triangle inequality. 

2 Definition and Reduction 

In The 2-Stage Stochastic Facility Location Problem (TSFL), we are given a graph 
G, a discrete set of clients V, a discrete set of candidate locations J- where to build 
facilities, two decision stages, and a polynomial number of scenarios each with a 
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prefixed probability pa for scenario A (A essentially represents a subset of clients). 
Upon the first stage, we open facilities without the specific knowledge of clients, 
with facility opening cost // for each facility i; then in the second stage the realized 
scenario A enters (a subset of clients appear), we are allowed to open additional 
facilities but with much higher opening cost ff. Finally connect each client to the 
nearest opened facility. The aim is to minimize the facility opening cost of first 
stage and the expected cost incurred in the second stage. 

The 2-Stage Linear-Cost Facility Location _Pro6/em(TSLCFL) is a special case 
of TSFL, where the facilities opened in two stages incur linear costs. The first stage 
facility opening cost is // — afk + bj for each facility i. a\ and b\ are the constant 
marginal cost and setup cost of first stage, respectively, and k the number of clients 
facility i serves. The second stage facility opening cost ff = afk + bf, where af 
and bf are the constant marginal cost and setup cost of second stage for scenario 
A, respectively. 

The 2-Stage Soft- Capacitated Facility Location Problem(TSSCFL) is a special 
case of TSFL, where there is a capacity Ui associated with each facility i. If a 
facility is to serve k clients, we have to open it \k/ui\ times at a cost of \k/ui\fi. 
The 2-Stage Concave Soft- Capacitated Facility Location Problem (TSCSCFL) is a 
generalized case of TSSCFL, where the cost function is gi(\k/ui\) for facility i. 
Here g(-) is a concave function, k the number of clients a facility serves, Ui the 
capacity of facility i. 

In The Robust Fault Tolerant Facility Location FrofeZem(RFTFL), we are given a 
graph G, two discrete sets of clients V, a discrete set of candidate locations T where 
to build facilities, and an adversary who can close up to a facilities after opening 
and assignment. Any client whose serving facility is closed by adversary has to be 
reassigned to the nearest facility that is still open. The aim is to minimize the sum 
of facility opening cost, the connection cost, and the increment of the reassignment 
cost of the worst case. 

The Robust Linear-Cost Facility Location ProWem(RLCFL) is a special case of 
RFTFL, where the facility opening cost is fi = a^fc + bi for each facility i. ai and 
bi are the constant marginal cost and setup cost of first stage, respectively, and k 
the number of clients facility i serves. 

The Robust Soft- Capacitated Facility Location ProWem(RSCFL) is special case 
of RFTFL, where there is a capacity Ui associated with each facility i. If a facility 
is to serve k clients, we have to open it \k/ui\ times at a cost of \k/ui\fi. The 
Concave Soft- Capacitated Facility Location Problem (CSCFL) is a generalized case 
of TSSCFL, where the cost function is gi(\k/ui\). Here gi(-) is a concave function, 
k the number of clients a facility serves, Ui the capacity of facility i. 

In describing the results of approximating facility location problems, we usually 
use the notion of bif actor approximation ratio . An algorithm is called a (7/, 7c)- 
approximation algorithm for the facility location problems if for every instance 
T of the problem and for every solution SOL for X with facility cost Fsol and 
connection cost Csol, the cost of the solution found by the algorithm is at most 
If Fsol + IcCsol- 

We define reduction between facility location problems as follows, which is first 
introduced in [TU] . A reduction from a facility location problem A to another facility 
location problem B is a procedure R that maps every instance I of A to an instance 
R(l) of B. This procedure is called a (07, ct c ) -reduction if the following conditions 
hold. 
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• For any instance T of A and any feasible solution for X with facility cost F A 
and connection cost G\, there is a corresponding solution for the instance 
R(T) with facility cost F@ < <JfF A and connection cost < a c C* A . 

• For any feasible solution for the instance R(I), there is a corresponding 
feasible solution for I whose total cost is at most as much as the total cost 
of the original solution for R(X). 

So we have 

Lemma 1 (Mahdian et al |10j). If there is a (af , a c ) -reduction from a facility loca- 
tion problem A to another facility location problem B, and a (jf, 7 C ) -approximation 
algorithm for B, then there is a (^ fa f l7c a c )- approximation algorithm for A. 

Proof. For a reduction R{I) of an instance I of problem A, run the (7/, 7c)- 
approximation algorithm for B on i?(I), and output the solution for I. Let SOL 
be an arbitrary solution for Z, ALG be the solution that the above algorithm finds, 
and FJ, and C<p (F^ LG and C-p LG , respectively) denote the facility and connection 
costs of SOL (ALG, respectively) when viewed as a solution for the problem V 
(V = A,B). By the definition of (07, cr c )-reductions and (7/, 7 c )-approximation 
algorithms we have 

F$ LG + Ci LG < F£ LG + C£ LG < lf F* B + 7c C* B < lf a f FX + J c <r c C* A (1) 

□ 

We now build the reduction between facility location problems. We define 
the a variant of TSFL as The 2-Stage Stochastic Facility Location Problem With 
Different Connection Cost (TSFLD), where the costs incurred in connecting clients 
to facilities opened in the first and second stage are different. 

Lemma 2. We have a (7/ ,7 C )- approximation algorithm for 3 of TSLCFL, if there 
is (7/ , 7c )- approximation algorithm for 3' of TSFLD. 

Proof. For any instance 3 of TSLCFL, we transform it to a new instance 3' of 
TSFLD with the first stage facility cost // = b\, the second stage facility cost 
ft = , and the connection cost cL = a{ + Cij when client j is connected to 
facility i opened in the first stage, = af + c^ the second stage. □ 

Lemma 3. We have a (2^f ^^-approximation algorithm for 3 of TSSCFL, if there 
is (7/, 7c)- approximation algorithm for 3' of TSLCFL. 

Proof. For any instance 3 of TSSCFL, we construct an instance T of TSLCFL. 
The connection cost remain the same. The facility cost of facility i is changed to 
(1 + and (1 + k ^ L )ff if k > 1 and if k = 0. Thus for every k > 1, 

l^l < 1 + ^17- < 2 • • Therefore it is a (2, l)-reduction. □ 

Lemma 4. We have a (maxjgjr j^lf, 7c)- approximation algorithm for 3 of TSC- 
SCFL, if there is (7^ ,j c ) -approximation algorithm for 3' of TSLCFL. 

The proof of the above lemma is very much like the one to Theorem 11 in |11) 
and is omitted here. 

With analogous analysis, we can make similar arguments in the robust case. 
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Lemma 5. We have a (7/, 7 '^-approximation algorithm for 3 of RLCFL, if there 
is (7/, j c ) -approximation algorithm for 3 ' of RFTFL. 

Lemma 6. We have a (27/ ,7 C ) -approximation algorithm for 3 of RSCFL, if there 
is (7/ ,j c ) -approximation algorithm for 3' of RLCFL. 

Lemma 7. We have a (maxj 6 jr |ttyj7/) ^^-approximation algorithm for 3 of RC- 
SCFL, if there is (7/,7 c ) -approximation algorithm for 3 ' of RLCFL. 

3 The 2-Stage Soft-Capacitated Facility Location 
Problem 

We first solve TSFLD via an approximation algorithm using the technique of ran- 
domized thresholding from [13]. Note that now we have different connection costs 
referred to the first and second stage. 

Let x\ y = min{xA,ij , Ui } and x\ 4 • = XA,ij — x\ y . cy is the cost of connecting 
client j to i yi and y.A,i are the extents to which facility i is opened in first stage 
and in second stage under scenario A, respectively. XA,ij is the extent to which j is 
connected to i in scenario A. We have the following program for TSFLD. Note that 
it is not a linear program, but since the only non-linear element in the objective 
function is the min term, it can be easily transformed to a linear program, thus 
can be solved in polynomial time. 



Minimize^ f I yi + ffvA,i + ^ ^( c ij x A,ij + c % x A,ij)) 

ieJ 7 A i jeA i 

s. t. Y x A,ij > 1 Vj G A; 

i 

%A,ij <Ui + VA,i Vi \/A Vj G A; 

XA,ij,Vi, VA.i > Vi Vj G A. 

We solve the program for TSFLD, and still denote the optimal solution XA,ij, 
Hi and UA,ij- We then split facilities to obtain a complete instance, i.e. XA,ij — 
Hi + UA,i for every scenario A, facility i and client j, with the same facility opening 
and connection cost. The technique of splitting is widely used in designing LP 
rounding approximation algorithms for facility location problems. Details can be 
found explicitly in [13] . 

Denote x^ l} = min{xA,ij,Vi} and x^j = x A.ij - x^A.ij ■ If j G A and x A ,ij = 0, 
define x£y = x^ y = 0. Note that x^jy = y l and x^jy = 

Here we adopt the same distribution as in [TJJ to distinguish clients between 
those to be served in the first stage and those in the second stage. 

• with probability a/(l — a), let Z = 1/2; 

• with probability (1 — 2a)/(l — a), pick Z from [a, 1 — a] via the uniform 
distribution. 

where < a < 0.5 is a constant fixed later. 
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Let r\ ■ be the extent to which (J, A) is served in first stage, for every pair 
(j,A), i.e. ' 

T A.j = /, X A.i-i'i ( 2 ) 
i 

we select pair (j, A) in the first stage if and only if 

Z<r AJ . (3) 

Otherwise we select (j, A) in the second stage. For the first stage, construct 
a instance I with each selected pair (j, A) having demand pa and each facility i 
having cost //. Here instead of solving the instance using the (l.ll,1.78)-algorithm 
of [7] for UFL as in [15] . we adopt the (l,2)-algorithm from [TT] (See Theorem A in 
[TT] for details), for the sake of further exploiting the asymmetry property of the 
algorithm. For the second stage, construct a instance Ia with a unit demand client 
for each j g A such that (j, A) was not selected in first stage; each facility i has 
cost ff-. Again we use the same UFL algorithm to solve it. 

It is easy to know we have obtained a feasible solution. To analyze the ex- 
pected cost of this solution, we start by constructing feasible fractional solutions 
for instance I and Ia- Let us first construct a feasible fractional solution (£, y) for 
the first stage instance I: i/i — min{yi/ Z,l} for all i, and XA,ij = x A\j/ r Aj f° r 
all selected (j, A) and all i. It is feasible since r\- > Z. Thus, letting Sj t A be the 
indicator variable for (j, A) being selected and note that each selected (j, A) has 
demand pa in I, the total facility cost and connection cost of (x,y) are 

fi § and Yl PA ' %T ' zZ °io x aIj . ( 4 ) 

i j,A r A,j i 

respectively. Next consider any scenario A, and construct a feasible fractional 
solution (x',y r ) for Ia- Let r\ ^ = J2i x A.\j- We may assume w.l.o.g that r\j — 
1 — r\ j. Thus, a necessary condition for (j, A) not to be selected in first stage is 

(1-Z)<r% j . (5) 
This is analogous to ([3]), with Z being replaced by I — Z. Thus, we can argue 

(2) (2) 

similarly as we did for (x,y) that y[ = min{yA,i/{l — Z), I}, x' A i j = x A i ^r\'- for 
all (j, A) not selected in first stage, is a feasible fractional solution for Ia- Since all 
demands here are unit, the total facility cost and connection cost of x',y' are 

i j,A r A,j i 

respectively. 

Since we have adopted the (l,2)-algorithm, the total final cost is 



i ■ (£ fiVim/z] + X>^//V< ■ WW z)X) 



(E^-^-E^+E 



3,A 



PA 



1 - E[S j>A ] 



3,A 



'j,A 



E 



C ij X A,ij 



)• (7) 
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With the analysis similar to that of [13], and note that Z and 1 — Z have 
identical distributions, we have 



E[Z] = E[l -Z}= 2Q + ln((1 (8) 



E[S j , A ],E[l-S j , A ]<r<»/0.-a). (9) 

.. _ T (l) , T (2) 



Plugging J8]), (HJ into (0 and using the fact that XA.ij — x ^Aij + x aui we see 



the approximation factor is 

max{2a + ln((l- a) / a ) iA} ^ 
I — a I — a 

Theorem 1. There is a ( 2a + ln (C L ~ i: ')/ a ) ; _g_ -^-approximation algorithm for The 2- 
Stage Stochastic Facility Location Problem With Different Connection Cost. Setting 
a = 0.156, the approximation factor is 2.370. 

By setting cjj — c 2 3 , a = 0.3097 and combing the above algorithm with the 
(2.4061, 1.2707)-algorithm in [3], i.e. with probability p run the above algorithm, 
with complementary probability run the (2.4061, 1.2707)-algorithm, we have an 
improved approximation ratio 2.206 for TSFL. 

Theorem 2. There is a 2. 206 -approximation algorithm for The 2-Stage Stochastic 
Facility Location Problem. 

With Lemma [H [3] and SI we have approximation algorithms for stochastic ver- 
sion for various facility location problems. 

Theorem 3. There is a ^ 2a + ln (( 1 ^ a )/ a ) ^ y- 2 -^)- approximation algorithm for The 2- 
Stage Linear-Cost Facility Location Problem. Setting a — 0.156, the approximation 
factor is 2.370. 

Remark 1. By carefully modifying the proofs and procedures, we can also adapt the 
(7, 1 + - jjj e ~ 7 )- algorithm in /5/ to solve TSFLD. We could also combine this algo- 
rithm with the one used in this paper (with probability p run the ^ 2a + ln ((j^ a )/ a ) ; _2_ 
approximation algorithm, with complementary probability run the (7, 1 + 27 ^~ 2 2 e~ 7 )- 
algorithm) and achieve a better approximation ratio of 2.328 by setting p = 0.7022, 
a = 0.2257, and r = 2.6892. Hence The 2-Stage Linear-Cost Facility Location 
Problem can be approximated within a factor of 2.328. However, it is not clear to 
the author that whether we could adapt the (2.4061, 1.27 '07) -algorithm in J3$ to solve 
TSSCFL. 

In the case of soft-capacitated version, we set Z = 1/2 deterministically rather 
than retrieve it from some distribution and can easily adjust the analysis above to 
obtain a ratio of 4. 

Theorem 4. There is a 4- approximation algorithm for The 2-Stage Soft- Capacitated 
Facility Location Problem. 

We also have 
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Theorem 5. There is a (maxjg_F g'^j ■ 2a+ln ^^ a )/") , approximation algo- 

rithm for The 2- Stage Concave Soft- Capacitated Facility Location Problem. 

It is worth to note that by simply setting 7 = 2.425, we show that the algorithm 
from Byrka et al [3J in fact has a 2.425 per-scenario bound for the 2-stage stochastic 
facility location problem. 

Theorem 6. There is a 2 .425- approximation algorithm for The 2-Stage Stochastic 
Facility Location Problem. 

4 The Robust Soft- Capacitated Facility Location 
Problem 

We first show that a better analysis of the algorithm for RFTFL from Bryka et 
al [3] may render a approximation factor of a + 4, which improves their result of 
a + 5 + A/a. The key difference lies in the upper bound for the distance between 
client and the farthest facility. 

The LP relaxation for RFTFL is as follows. 



Minimize max CijXA.ij 

i£.F j i 

s.t. J~] XA,ij > 1 V^4 Vj; 



XA,ij < Hi Vi VA Vj; 

x A,ij = VA Vi G A Vj; 

XA,i 3 ,Ui > Vi VA Vj. 

Here, 

a?j4,»j is the extent to which client j is connected to facility i if the scenario 
A happens, i.e. the facilities in subset A is closed by the adversary. \A\ < a, where 
a is the maximal number of facilities the adversary can close. Note that A can be 
a subset of both opened and not opened facilities. 

Let (x*,y*) be an optimal fractional solution to the above relaxed LP. We 
scale it by a factor of 7, i.e. we set yi — min{l,7 • y*}, xaaj = min{l,7 • x* A ^j. 
For a single client-scenario pair (j, A), sort the facilities of which XA.ij > in 
nondecreasing order with respect to c^. Let V be the first facility in this order such 
that x* A + x* A i2 j + ... + x* A it j > We split facilities when necessary to insure 

that x Xm + x *A.i2 3 + - + x Xi'j = ^t 1 - Note that Ei x \ij = 1 for ever y 3 and A - 

Then we have the following lemma. 

Lemma 8. Also let C^ a) — Ei °ij x A ij denotes the fractional connection cost of 
client j in scenario A. Then we have Cj'j < 1 _ 1 a _ 1 • @(j,A)- 

Proof. For a pair (A,j), let P = {i\i 2 , then Eier\r> x \ij = 1 ~ ^ For 

we also have Cij > Cj'j. So C(j A) — ^2i c ij x A,ij — '^2ii^j r \j ri c ij x *A,ij — 
^•(l-sil). □ 

As in [3], the algorithm opens facility randomly as follows. 
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• If there exist i among i 1 ,i 2 , ...,i' such that yi = 1. Then facility i will be 
opened by probability 1. In this case < c%ij < _2c-i • C(j t ^_y 

• If there is no i among i x ,i 2 , i' such that yi = 1, then we round the facilities 
i ,i , ■ i' using the rounding scheme for The Fault Tolerant Facility Location 
Problem (cf, 4j), which turns a + 1 fractional connections to facilities at 
distance at most d into a + 1 fractional connections to facilities at distance 
at most 3d Since at most a facilities will be closed by the adversary, there 
remains an open facility for client j in scenario A at distance at most 3 • 

7-1-1 ' C U,A) ■ 

With the analysis above, it is clear that we have a (7, 7 _ 3 J_ 1 )-approximation 
algorithm for RFTFL. Setting 7 = a + 4, the approximation ratio is a + 4. 

Theorem 7. There is a (a + 4) -approximation algorithm for The Robust Fault 
Tolerant Facility Location Problem, of which up to a facilities can be closed by the 
adversary. 

With Lemma [5j [6j [3 we have approximation algorithms for robust version of 
various facility location problems. 

Theorem 8. There is a (7, 7 _ 3 J_ 1 )- approximation algorithm for The Robust Linear- 
Cost Facility Location Problem, of which up to a facilities can be closed by the 
adversary. Setting 7 = a + 4, the approximation ratio is a + 4. 

Theorem 9. There is a (2j, approximation algorithm for The Robust Soft- 

Capacitated Facility Location Problem, of which up to a facilities can be closed by 
the adversary. Setting 7 = a + 5/2 7 the approximation ratio is 2a + 5. 

Theorem 10. There is a (max.; 6 _F f i {fy7j i^z^rx )~ approximation algorithm for The 
Robust Concave Soft- Capacitated Facility Location Problem, of which up to a facil- 
ities can be closed by the adversary. 

5 Concluding Remark 

In this paper we have proposed and better analyzed several stochastic and robust 
facility location problems. There are relatively very few efforts devoted to designing 
approximation algorithms to solve combinatorial problems with uncertainty either 
stochastically or robustly. Incorporating uncertainty into combinatorial problems 
is a vital way to make these classic models more " practical" . Approximation al- 
gorithms may also become more influential in areas like engineering or operations 
research if they are used to solve more realistic problems and have good perfor- 
mances. We believe this trend will become more prominent in the future. 
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